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A thermodynamic and mathematical analysis was performed of liquidus and solidus lines in binary
2nd kind ionic systems with unlimited solubility in both the liquid and solid states. Limiting
values of tangent slopes of liquidus and solidus lines at melting points of pure components
were calculated. The analysis is supplemented by two examples.

In contrast to our earlier paper!, where we have performed a theoretical analysis
of liquidus and solidus lines in binary NA-NB, ionic system with a common ion and
displaying unlimited solubility in both the liquid and solid states, here we solve the
problems in general.

The analysis of the course of liquidus and solidus lines refers again to binary ionic
systems. However, we consider systems with a common ion and without a common
ion, but with unlimited solubility in both the liquid and solid states. We assume that
the systems form solutions of the 2nd kind, i.e. such solutions which generally satisfy
the relation: lim (da;/dx;) # 1 [for x; — 1] for i = 1, 2. Symbol a; denotes the acti-
vity and x; mole fraction of component i.

Our aim is to express analytically the functional dependences x} = f,(T), X8 =
= f,(T), where symbols x} and x5 denote mole fractions of component 1 in liquidus
and solidus, resp., and T'is absolute temperature. Then we will derive limiting values
of tangent slopes at melting points T and T of both pure components.

Derivation of Liquidus and Solidus Lines

Let us consider a solid-liquid equilibrium. For this case the classical thermodynamics
yields the fundamental relations, which have been derived in this journal® and in
which the validity of the relation AC;”" 2 0 has been assumed

; AHS /1 1
Ma, a2) =28 —exp| 20 (= — )], 1
(a1 al) @ p R AT T ()
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Here, AC},’s denotes the change in the molar heat capacity during the solidus—liquidus
phase transition at constant pressure, AHY is the change in the molar enthalpy of
pure component i at its melting temperature T during the solidus-liquidus phase
transition.

To be able to pass from activity to composition expressed in mole fractions, we
need to know the functional relation a = ¢(x). Generally, however, it is impossible.
Therefore we usually replace it by relations which for the most part follow from diffe-
rent models. However, up to the present time no exhaustive analysis of possibilities
has been performed how to employ these functional relations for solving the given
problems.

The classical ideal case of a; = x; has been solved in this journal?. Generally,
the activity is a function of composition and temperature, i.e. a = (p(x, T). However,
we are going to deal only with the solidus-liquidus equilibrium, where the activity
depends only on composition, i.e. a = ¢(x). Therefore we assume the validity of the
general functional relations in the form of

aj = (Pl(xll) a; = yy(x3) 3
ay = Qy(x3) = (1 — x)) = ga(x1)  ah = Q(x3) = (1 — x}) = ()
in which we make use of the identities x} + x} = 1, x} + x3 = 1. Further we assume
that functions (3) are on interval (0, 1) monotonous®-*, differentiable and possess

right and left limits at the boundary points of this interval. These limits must satisfy
the following boundary conditions:

lim ¢,(x}) = 0 lim y,(x}) =0

x40+ X190+
lim ¢,(x}) = 1 lim ¥,(x}) = 1
X‘l—’l- x15->1 -~
lim @,(x;) = 1 lim yy(x}) =1
x11-04 X150+
lim @,(x}) = 0 lim ¥,(x5) = 0 4)
xl=1- X131«

where symbol x} — 0, denotes the right limit and symbol x} — 1_ the left limit.
By inserting (3) into (I) and (2) we obtain the set of equations

M, xj) = 28 T (L )], ©)

¥ (x3) R\1f T
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which express implicitly on interval (T3, T{) the required functions x} = FilT).
x} = f5(T) with the range of functional values of (0, 1).

If functional relations (3) are monotonous and differentiable on the closed interval
<0, 1), functions x! = f,(T) and x} = f2(T) are given implicitly by Egs (5), (6) on
the closed interval (T}, T;».

In the following we will distinguish the two cases: a) if x§ resp. x} may be expressed
explicitly from (5) or (6) as functions of M, x} resp. M, xi, it is then possible to con-
struct the so-called characteristic equation for the liquidus resp. solidus line. This
situation will be denoted as the case with the characteristic equation.

b) if, due to a complicated form of functional dependences (3), this explicit evaluation
is impossible, we will denote it as the case without the characteristic equation.

Case with the Characteristic Equation

If x] may be expressed explicitly from (5), we will introduce the notation

x} = (M, xi). 7)
Simultaneously it holds
lim (M, x}) = 1 lim (M, x}) =0
T-T,f T-T,f
By inserting (7) into (2) we obtain
0= ?a(x3)

Vo[ @(M, x1)]
and by performing the multiplication we get the equation
OV,[B(M, x})] — @o(x]) = 0 = F(x, T) (8)

which will be denoted as the characteristic equation.

Coefficients in this characteristic equation depend through functions M and Q
on temperature T and on values of the enthalpy of fusion AHY and AHS. Besides
that they also depend on values of the stoichiometric coefficients p, g, r, t. Thus
we obtain for each value of Te (T}, T3) the equation with different coefficients. If
relations (3) are rational functions of variables x} and x3}, the characteristic equation
is usually the algebraic equation and its order depends on values of the stoichiometric
coefficients p, g, r, t.
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It is well-known® that every algebraic equation of the n-th order possesses n roots.
If the characteristic equation is to be the equation of the liquidus line, it must have
for each value of Te(Tj, T3) at least one root in the interval (0, 1); for this root,
a continuous change in temperature T from T4 to T{ must correspond to a continuous
change in composition from 0 to 1.

The unknown quantity in the characteristic equation F(x, T) = 0 will be denoted
by symbol x. That root which lies in the interval (0,1) will be denoted in the following
by symbol x}. Remaining roots, which lie outside the interval (0, 1), have no physical
meaning for our purpose and therefore they will be neglected.

The course of the liquidus line yielded by the characteristic equation will be ob-
tained in the following manner: for a certain series of temperatures Te (Tf, Tzf)
we compute coefficients in characteristic equation (8) and find its root in the interval
(0,1). Generally it is the solution of a higher-order equation and therefore it is found
on a computer by some numerical method.

Then we compute from (7) the composition of solidus x§ and obtain a series of
ordered pairs {(T; x}), (T x})}, which serve as a table of required functions x} =
= fi(T), x{ = fo(T) on the interval (T3, T7).

Formally, the characteristic equation might be constructed for an arbitrary type
of functional dependence a = ¢(x). It depends on the form of functions (3), i.e.
on relations expressing the dependence of the activity on the composition of the given
component both in the liquid and in the solid solution, whether the implicit function
T = f(x) will be determined by an equation constructed in this manner.

The function T = f(x) is determined implicitly by the equation F(x, T).= 0
in the vicinity of point (x, T,) for which it holds F(x, Tp) = 0 and at which 0F[0T #
# 0. The first derivative of function T = f(x), which is given implicitly by the equa-

1200 )
T Fig. 1

The Phase Diagram of the NA—NB; System
with a Common Ion and the Validity of the
1150 Temkin Functional Relation between the
£ Activity and Composition for the Liquidus
and with a Classically 1deal Behaviour of the

= Solidus
Tf=1200K, T{ = 1100 K, AH{ = 126
100 kJ mol ™! (= 30 keal mol™%), AHS = 21 kJ .
.mol ™! (= 5 keal mol™1), 1 liquidus curve,

“,rﬂ\ 05 Xk 1}\(1’8, s solidus curve.
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tion F(x, T) = 0, is equal to®

dT _ 0Féx ©)
dx éFleT

For characteristic equation (8) it holds

OF _ _dyy ox;  dg,
Xo—olhi_dn (10)

dx}

F B | g galo) & g S O
dx] éM

Values of functions M and Q at the boundary points of the interval (T}, T3) are equal

to
ot =1 o(T!) = exp [A”r (ﬁ . i)] = Da. (11)

R \T, Tt
AH® /1 1
M(T}) = ex L= - =) =M, M(TH=1. 12
(= oo |50 (5 = 7g)] = e e )

Since from (4) it follows lim /,(x3) = 0 (for T — Ty), we obtain the following limiting
relations:

lim ﬂ— R(Tf)z[ lim do, 0, lim s i f—x—‘:]

o1, dx} o1, dx} T-1,0 dx§ ToT, Ox)

(% R o
[QOAHr lim vy lim ﬁ] . (13)

T-1,¢ dx} T-1,f OM

tim 9L _ R(ro)? mfiif»limd—””iu 93‘—:
To1y¢ dx} T—'Tzr dx;  ToTf dX] ToTaf OXg

i e ]
abs + Mo AR tim 2 gim P2 (14)
T-T,f dx] T-1.f OM

By differentiating relation (7) we get

dx{ oxjdM | 0x d\,

dT éM dT  ox} dT
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which can be rearranged to give

i SL =, i V2T L (15)
T-1,0 dx} O Tyt de,[dx] 11,7 dx]
i ST _ | amt + Mo AHE tim 992 4 221
T-T,f dxj T-Tof dx] T-Tf OM
$]-1
AHY lim £ + My, AHY lim 9% i P91 d—Tl-. (16)
T-Tof Ox} T-Taf dX] T-Taf ('iM T-To¢ dXx;

EXAMPLE

If we assume that in a system of type N,A;—N,B, with a common ion the Temkin functional
relation”*® between activity and composmon holds for the liquidus and that the behaviour
of the solidus is classically ideal, relations (3) take the form of

al = o,(xl) = [H"ﬁ] @ = (<) = 5

al = pufl) = [LL)] @ = o) = 1 = 5.

t+ xi(qg —t

Relation (7) changes to
1 q
= (M, x}) = 1 q]#
Mt +xi(qg —1)

and characteristic equation (8) to

wo-of T u[ AT

do, ,[ ) ] (=4

dx} t+ xi(g — 1) [t + xi(qa — O]?
A, o i_ L[ aea T
dxs oM M|t + xi(q — 1)

52 9% i qt
M Lt+xi(g—0] [r+xi(qg-0P
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The corresponding limiting values of the derivatives are equal to

“m%_io for t>1
T-1,¢ dx} —1lg for t=1
AyvS
im 2 - ) lim 2= fim 2o
T-7,¢ dxj T-T,f Ox} T-1,¢ OM
lim d_tplz = —q lim Y, =
T-T,¢ dxg T-Tof dx}
S .S
lim&=\/0 for g > 1 i_g.
T-Tf OX) S 1f(Mot) for q =1 1Tyt OIM
Then Egs (/3)—(/6) assume the form of
lim 9T _ - tR(T)’[AH} for ¢ >1
r-nedxd (9@ — 1) R(TH?/(qQo AHY) for =1
im 3T - —qR(T3)*|AHY for g > 1
T-mrdx] (1= Mot) R(T3*(tM, AHS) for q =1
lim dT _ _ + oo for t>1
-1rdx}y  (qQo — 1) R(T))*/AH] for 1
lim daT _ - for g>1
tomrdxy (1 — Mot) R(T§)?/AHS  for 1.

The phase diagram of a concrete solution of this type for ¢ =1, 7 = 3 and for the following
choice of values Tf= 1200K, Tf=1100K, AH{ =126kJmol™! (= 30kcal.mol™"),
AH{ = 21 kJ mol ™! (= 5 kcal mol ~?) is on Fig. 1.

Case without the Characteristic Equation

The course of liquidus and solidus lines can be obtained by solving the set of Eqs
(5), (6) for different values of the temperature Te (Tj, T3). Since it is a nonlinear

set of equations, it will be solved by a numerical method.

For the computation of tangent slopes we will employ a property following from
Egs (5), (6), namely that quantities M and Q depend on temperature T through vari-

ables x} and x$

M= f(xlls Xi)

Q = g(x}, x})
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According to the rule for differentiating composite functions it holds

M _of dxi | of dx
dT  ax} dT  ax5 dT

do _ 99 dxy | g dxj
dT  ox! dT = ox5 dT

(17)

By differentiating functions (1) and (2) with respect to T we obtain a set of linear
algebraic equations in unknown derivatives dx}/dT and dx$/dT. This set will be
solved by the Cramer rule.

o A of dxi Al
oxy dT x5 dT RT?
29 dx | 29 dxi _ , AHE
ox\ dT  ox} dT RT?’

Determinant J of this set is Jacobi’s functional determinant

o o
ox}  ax§ %
J = (18)
ox}  ax§
Further it holds
wAHL o LA
RT? ax} ax} RT?
0 T (19)
AR, a9 S99 o AH;
RT? ox3 ax} RT?

The required derivatives are then equal to

dT[dx; = J[J,,\ dTjdx} = J/J,,..

1

This method for computing the derivatives will be denoted as the method of Jacobians.
In our case
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Pi(x))  —ei(x1) vi(x})
a(x3) Pi(x1)

@5(x1)  —oa(x}) ¥a(x})
¥a(x3) i) |

where ¢} (x}) = do,(x])/dx] efc. After the computation of the determinants and a
rearrangement we obtain:

a7 _ ART* o
dxi  =MQAH] 5(x1) Yi(x]) + MQ AHY Wi(x) ¥a(x})

_dT _ ART? - B
dxi  QAHS @ (x}) Va(xh) — M AHE gy(xt) v (x})

(21)

where A = — Qg (x1) ¥4(x}) + Mej(x1) yi(x). By performing the limit of relation
(20) for T — Ty and then for T — Tj and taking into account conditions (4) we get:

lim dll == ~'—r fim ,LSR(T{)Z (22)
11,0 dxg Qo AHY 11,7 Yr5(x})
aF 1 . fim Aty (23)

lim — =
- dx) Mo AHS 1o y(x3)

Analogically, by performing the limits for relation (21) we obtain:

.4
B B L g e BT (24)
T-1,f dX} AH' 11,0 @3(x3)
A o L = R, (25)
-1, dx} T AHS o1 @) (xl)

EXAMPLE

On solving a M By —N,B, system without a common ion and for which the Temkin functional
relation between acnvny dnd composition holds for both the liquidus and the solidus, relations (3)

take the form of
1 P 1 9
dl = ol pxy qx,
= i) r+xi(p—r)] Lt +xi(g—1)
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ab = oy(x}) = [, J:(lxi—(pxi) r)]’ [r ;(Liqui) ')]‘ .

Analogous relations hold also for the solidus. The characteristic equation cannot be constructed
for this case. Therefore we compute limiting values of tangent slopes at melting points of pure
components by the method of Jacobians with the following results:

lim ﬂ - (C+ 1) (Q(l)/(r+t) - ])

R Tf 2
-1 dx} AHS QY0 (T)
1 — M@+
lim LTI . QL‘F%NIO—_) R(Tzf)2
T-To¢ dx} AHS MY/(P+9
lim L 0o/ lim d—7:
T-1,f dxj T-Tf dx;
tim 9T = myoto jim 911.
T-T,¢ dxj T-T,¢ dxg

By considering (/1) and (12), for T{ > T§ it holds Qg >1 A M, < 1 and for T{ < T} it holds
Qo < 1 A My > 1. In both cases the limiting values of tangent slopes of both the liquidus and
solidus lines possess identical signs at 7= Tlf and T = Tz‘, which confirms the monotonicity
of these lines.
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